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1$ Introduction and notation 
The study of facial vsa ideal structure in operator algebras 
was initiated in 1963 by the independent works of Effros [10] and 
Prosser [14]o They found a one-to-one correspondence between norm 
closed left ideals in a * C -algebra, norm closed faces in its posi-
tive cone, and weruc*-closed faces of its state spaceo In this 
correspondence, two-sided ideals correspond to invariant; faces o 
However, Effros and Prosser failed to characterize the invari-
ant faces in a purely geometric way. In [16; Thmo3o2] St0rmer 
proved that these v;rere exactly the Archimedean faces, while Alfsen 
and Andersen introduced the concept of a split faces and noted that 
invariant faces are split [2; Prop.7.1]o 
In [7] Alfsen, Shultz and St0rmer introduced the concept of 
a JB-algebra. The theory of JB-algebras is very similar to that 
of * C -algebras, see [7], [13], [15], and also § 2 of [3]o 
CvMo Edwards in [8], [9] started generalizing to JB-algebras the 
results of Effros and Prossero He established a correspondence bet-
ween norm closed quadratic ideals ot a JB-algebra (which correspond 
to left ideals in a c* -algebra, or, more precisely' to } nJ * 
where ] is a left ideal), and norm closed faces of its positive 
coneo However, it seems to be more difficult to establish the 
expected correspondence between such ideals and faces of its state 
space, since the methods of [10], [14] cannot be immediately trans-
ferred to the JB-algebra settinga 
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For split faces, the story is different. Since the structure 
of split faces is so simple (it is "essentially commutative 11 ), 
the problem of identifying the split faces can be attacked by 
elementary means. This is done in § 2. 
It should be mentioned here that all the results of § 2 are 
due to EoM., Alfsen and FoWo Shultz (unpublished)o We vmuld like 
to thank Alfsen and Shultz for their kind permission to include 
this materialo 
§ 3 is a convexity-theoretic prelude to § 4o We define the 
structure space Prim(K) for an arbitrary compact convex set K, 
and give necessary and sufficient conditions for the canonical 
surjection oeK -> Prim(K) to be openo 
In § 4 we generalize to JB-algebras the result of Glimm [~2] 
that the canonical mapping o K -> Prim(ot) 
e 
is open when 0(_ is 
* a C -algebra with state space Ko The proof is rather different 
from Glimm's original proof, because of the lack of inner auto-
morphisms. 
By a Jordan ideal in a JB-algebra A we shall mean a sub-
space J such that, whenever a E A and b E J, then aob E J. 
Jordan ideals correspond to two-sided ideals in the following 
strict sense: A norm closed self-adjoint complex subspace } of 
* . a C -algebra OG lS a two-sided ideal iff its self-adjoint part 
~ is a Jordan ideal of (~sa· This can be seen either by con-
.Jsa 
sidering the wealr *-closure in ex/* of J and using [8; Thmo 2 o 3], 
or by appealing to [~1; Thmo2]o 
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From the above it follows that all the results in this paper 
are valid when * C -algebras replace JE-algebras and two-sided 
ideals replace Jordan ideals. By trivial modifications, the 
* proofs below can be changed into proofs valid for the C -algebra 
case. In this way we can get new and more direct proofs of known 
results for * C -algebras o 
If a is an element of a JE-algebra A and p is a linear 
functional on A, we denote by (a, p) the value of the functio-
nal p at the element ao It is legitimate, and often useful, 
to consider a as a linear functional on the dual space A* 
(or the predual A*, if A is a JEW-algebra). In particular, 
any JEW-algebra is canonically order- and norm-isomorphic to the 
space Ab(K) of bounded affine functions on its normal state 
space Ka 
We define the annihilators of a subset J of a JB-algebra A 
and a subset F of its state space K by 
Jl. = { p E K z (a, p) = 0 for all a E J} 
F0 = {aEA;; (a,p) = 0 for all pEF}o 
Similarly, we define the annihilator 
JEW-algebra M and the annihilator 
normal state space Ko 
of a subset 
of a subset 
J of the 
F of its 
If a,b are elements of a JE-algebra A we define their 
Jordan triple _Qrodus_t {aba} by 
{aba} = 2a o (aob)- a2 o bo 
If p is a functional on A, we define functionals ao p and 
~ 
I 
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(apa} by the formulas, 
(b , a o p > = ( a o b , p) , 
(b,(apa}) = ((aba},p). 
Note that if p is positive, then (apa) is positive. 
We would like to thank EoMo Alfsen for many fruitful dis-
cussions. 
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2. Split face.s 
Let K be a convex set.. A face F of K is called a split 
face [1; § IIa6] if there exists a face F 1 such that K is a 
direct convex sum. of F and F 1 in the following sense: .Any p E K 
can be written as 
p = A.cr+ (1-A.)cr 1 , 
where A E [0, 1] is unique, and cr E F (resp. cr 1 E F') is unique 
(except for the case A == 0 (resp. A= 1)) .. 
Note that the face F' is uniquely determined by F~ It is 
called the com:g_lement of F.. Also, the mapping p ..,_> A, where A 
is determined by (2 .. 1), is a bounded affine function on K which 
has F as its peak set.. In our applications K will be the base 
in a base-norm space (E,K) [1; p .. 77]. Then the above affine 
function on K extends to a bounded linear functional on E.. Hence, 
split faces are nqrm exposed and, in particular, norm closed. 
The following result is included in [4; Thm.11a5], but the 
present proof mru{es no use of the machinery of [4]o 
Theorem 2o1. Let M be a JEW-algebra and K its norm~l 
.£tate spclce_. There is a one-to-one corresJ?ondence between split 
faces F of K and central projections e in M, given bl: 
(i) F == [p E Kl (e,p) = 0} 
(ii) e is the unique affine function on K which 
is identically 0 on F and 1 on F' • 
Proof. First, let e be a central projection in M .. Define 
by (i)' and let 
(2.2) F' = [p EK!(e,p) == 1} • 
F 
Since O<e<1 
- - ' 
F 
either p E F, p E F' 
a = t..-1 (1-e)op and 
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and F 1 are faces of K. If p E K then 
or P=A.a+(1-A.)a 1 , where A.=(1-e,p), 
a' = (1-A.)-1 eop. Since e is central, 
eop = (epe}, and so a', and similarly a, is a state. From (i) 
and (2 .. 2) we get a E F and a 1 E F 1 , so we have obtained a de-
composition of the type (2.1)o 
On the other hand, given the decomposition (2~1), note that 
eoa is a positive linear functional. Since (1,eoa) = (e,a) = O, 
we find eoa = o. Similarly (1-e)oa' = 0, or eoa =a'. Multi-
plying (2.1) with e, we then get eop = (1-A.)a 1 • Similarly 
(1-e)op = A.a. Thus 
and so is A. = II A. all .. 
t..a and (1-A.)a' are uniquely determined by p , 
Thus F I is a split face, with complement F o 
Obviously, (ii) holds in this caseo 
Second, let F be a split face of Ko Define the affine 
function e on K by ( e, p) = 1 - A., where A. is the scalar 
occurring in (2.1) .. Then (ii) is satisfied, and from this it fol-
lows that e is an eJ~reme point in the positive unit ball M~ 
of M. Hence e is a projection, by spectral theory. Also, (i) 
~nd (2.2) are satisfied. To complete the proof, we shall show 
that e is central. 
To this end consider an arbitrary element a EA. If p E F 
• 
we find, using the Cauchy-Schwarz inequality, that 
Thus the affine function eoa vanishes on Fo Similarly, (1-e)oa 
vanishes on F 1 , so eoa coincides with a on F 1 • Repeating 
the argument, we find that the same holds for (eae} = 2eo(eoa)- eoao 
Since an affine function on K is determined by its restrictions 
to F and F', 1ve conclude that eo a = [eae} "· Thus e is central 
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[7; Lemma 2.11] [] 
Combining Theorem 2.1 with [8; Thm. 2.3] we immediately obtain 
Corollary 2.2. There is a one-to-one correspondence between 
* w_eak -closed Jordan ... ideals J of M and split faces F of K, 
given by F = J~ and J = F0 • 
Indeed, when the central projection e corresponds to the 
split face F, we have J = (eMe}. 
Passing to the duality of a JB-algebra and its dual, we have: 
Theorem 2.3. Let A be a JB-algebra and K its state spaceo 
There is a one-to-one corres~ondence_~etween norm closed Jordan 
ideals J of A * and weak -closed split faces F of K..L given 
by F = J~ and J = F e 
~-------~--~~--~-- 0 
Proof. First, let J be a norm closed Jordan ideal of A, 
A** 
' 
~ - * and let F = J • If J denotes the weak -closure of J in 
then j is a Jordan ideal of A** and 
' 
By Cor. 2 .. 2, 
F is a split faceo Also, applying the Hahn-Banach separation 
theorem and Corollary 2.2, we find 
Second, let F 
J = J n A = F0 n A = F • 
0 
* be a weak -closed split face of K .. From 
Corollary 2o2 we conclude that its annihilator F0 in A** is 
a Jordan ideal of A**.. Hence F 0 = F0 n A is a Jordan ideal of A. 
That F = (F0 )~ follows, for example, from [1; Thm. II.6o15]. 
A more elementary proof is the following: Note that the unit ball 
of lin F is co (F U -F) o By the Krein-Smulian theorem it follows 
that lin F is weak* -closed a If p E K -F, we can then separate p 
from 
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lin F with some a E Ao Then a E F , and so 
0 
J. 
p f_ (F o) • 
This completes the proofo [] 
Our next result is a generalization of [10; Coro6o2]. 
Theorem 2.4o Let F be a split face of the state space K 
. * "f!\' of a JB-algebra A. Then lts weak -closure ~· is also a_split 
face of Ko 
Proofo Since F0 
a Jordan ideal in A. 
is a Jordan ideal in A**, F0 = F0 n A 
Thus G = (F )~ is a weak*-closed split 
0 
face of K, and F S G. To complete the proof, we shall prove 
that F = G, 
Let e be the central projection in A** such that 
F0 = (1-e)oA**. Since G0 = F0 = F0 n A** the mapping at-> eo a 
induces an injective, and hence isometric, homomorphism 
A/G -> eo A* * • 
0 
is 
Let a EA. As in the proof of Theorem 2. '1, we note that eo a 
is the unique affine function on K coinciding with a on F and 
vanishing on F'. Therefore, 
1\eoa\\ == sup{l(a,p)l: p EFL 
On the other hand, the quotient norm of a+G 
0 
in A/G 
0 
by 
\\a+ G0 \\ = inf{\la+b\1 :bE G0 } 
= inf [sup[l(a+b,p) I p E K}: bE G0 } 
> inf {sup[l(a+b~P>I ~pEG}: bE G0 } 
= sup [ I <a , p ) I : p E G} • 
is given 
r 
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Since 1\eoal\ = iia+G0 \\, we conclude that 
sup { I (a , p ) I : p E G} _::: sup { I <a , p ) I p E F J • 
Replacing a by \\ail+ a, we conclude 
sup[(a,p): pEG} ,:::sup((a,p): p EF} 
whenever a EA. From Hahn-Banach separation, . G c F follows, and 
.• 
the proof is complete. (] 
Proposition 2.5~ Let M1 and M2 be JEW-algebras with 
normal state spaces K1 , j{2 respectively. If cp : M1 ...=::_M2 is a 
weak*-continuous Jordan homomorphism, then the predual map cp* maps 
split faces of K2 __ on~o split faces of K1• 
Proof. Let F be a split face of J = F0 is a 
* weak -closed Jordan ideal of M2 , and so . * ~s a weak -closed 
Jordan ideal of M1 • We claim 
cp*(F) = -1(J) cp J.. 
which will complete the proof, by Corollary 2.1. 
We first consider the special case F = K2 • Then J = {0}, 
so in this case we have to prove 
(2.3) 
Obviously~ cp* (K2 ) c {ker cp) .. Conversely, if 
- l. 
cr E (ker cp) , we can 
J_ 
define a normal state on cp(M1 ) by cp(a) r> (a,cr). Extending to 
a normal state p on ~, we obtain p E K2 such that cp* ( p) = cr. 
Thus (2a3) is proved. 
Assume next that 
the quotient map and 
F 
K' 2 
is arbitrary o Let 1jr : M2 -> I12/J be 
the normal state space of M2/J. Then, 
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using (2.3), we find 
cp* (F) = cp* ( (ker ~ ) ) = cp* ( ~ * (K;) ) 
.L -
= (~ocp)*(K~) = ker(~ocp)~ 
= cp-'1(J)~ [] 
Finally, we remark that the above result is also true for 
the dual of a Jorda_n homomorphism between JB-algebras. (Use the 
same proof, or pass to the bidual)o 
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3. Structure space of an arbitrary compact convex set 
In this section K will be a compact convex set in a locally 
convex topological vector space. Given p E oeK there exists a 
smallest closed split face Fp containing Po (See [1; po146]o 
Note that our notation differs from that in [1]; we write Fp 
although in this generality we attach no meaning to the symbol Fpo 
This is for consistency with the notation of § 4). We call the 
split face Fp ~rimitive, and denote by Prim(K) the set of all 
primitive split faceso We endow .Prim(K) with the structure 
topol9gz, whose closed sets are those of the form 
{G E Prim(K) : G_::F}, 
where F is a closed split face of Ko This topology exists by 
virtue of [1; Propo IIe6.20]; we remark that St0rmer's axiom, as 
imposed in [1; Lemma 6o25] is not necessary for this definition. 
We consider the map p r> F of o K onto Prim(K). The p e 
facial topology on o eK [ 1; p o 143] can be defined by pulling back 
the structure topology of Prim(K) o Thus, the mapping o eK -> Prim(K) 
is continuous and open, with oeK given the facial topology. Note 
also that the facial topology is weaker than the relative topology 
on ceKo (It is strictly weaker unless K is a Bauer simplex 
[1; Thmoiin7o8])o Thus the mapping oeK ~ Prim(K) is continuous, 
with oeK given the relative topology. We will characterize 
those K for which this map is also open. First, however, we 
need a definition. 
Following [1; po146] we say that K satisfies St0rmer's axiom.i~ 
whenever (Fa) is a collection of closed split faces of K, the 
closed convex hull co(UaFa) is a split face. 
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The following Theorem is an improvement of [1; Lemma II.6o29]. 
Note that we do not use the concept of sufficiently many inner 
automorphisms, which was used in [1] and is also buried in Glimm's 
original proof of the corresponding * C -algebra result [12]. 
Theorem 3a Let K be a compact convex set in a local~z 
conv~x topologica~ vector space" The mapping p ~> Fp is o~en 
from the relative to~ology of oeK to the structure topo~ogy of 
Pri_pQ{) iff K satisfies St0rmer's axiom and the following 
condition: 
( *) ;For any G E J?rim(K), the set { p E o e G_:_F_p =_G..;.}_.;;;;i_s_d_e_n_s~e__.;.i_n. __ o-ee G. 
Proof. 1" Assume that the map o K -> Prim(K) e is open. 
Let (Fa) be a collection of closed split faces of K, and con-
sider the following (relatively) open subset of o K· e . 
(3.1) 
By assumption, the set {J' p ~ p E V} is open in Prim(K)o By 
definition of the structure topology, there exists a closed split 
face F of K such that, whenever p E o eK : 
(3.2) p f. F <=> F = F for some a E V. p a 
I p E oeFa then F cF, and SO, by (3o1), F I= Fa for all a E V. p - a p 
By (3 .. 2), p E F, and therefore F CF., a- We claim that F = co(UaFa). 
If not, we find some p E oeF with p ~ co(UaFa) D By (3.1) p E V, 
so by (3.2) p¢F. This contradiction proves our claim, and the 
validity of St0rmer's axiom is proved" 
Next, assume that ( *) does not hold and choose G E Prim(K) 
not satisfying (*). Then there exists an open set vco K 
- e 
such 
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that Vn G ;f 0 and G ;f FP, whenever p E V. As above, there is a 
closed split face F of K such that (3.2) holds. If G = F p 
then, by (3 .. 2), p E F and so G c F.. By (3.2), this implies that 
G n V = 0, which is a contradiction. Thus ( *) is necessary. 
2. Assume that K satisfies St0rmer's axiom and the :property 
(*). Let V be a (relatively) open subset of oeK, and let 
(3o3) F = co~(U {G E Prim(K) : G n V = 0}) • 
By St0rmer's axiom, F is a split face. We claim that 
(3.4) [P'P: p E V} = [G E Prim(K): GstF} , 
which will complete the :proof since the righthand side of (3.4) 
is an open subset of Prim(K)~ 
Milman's theorem implies that the union of all oeG' where 
G E Prim(K) and G n V = 0, is dense in o eF. In particular, since V 
is open, V n oeF = 0. Thus, if p E V then F p ~ F and one inclu-
sion in (3.4) is proved. 
On the other hand, if G E PrimK and G st F then (3.3) implies 
that G n V ;6 0" By the property ( *), G = jji p for some p E G n V. 
Now the second inclusion in (3 .. 4) follows, and the proof is 
complete. 0 
Remark If K is a Choquet simplex, any extreme point of K 
is a split face, and so the property (*) is trivial.. However, 
K does not satisfy St0rmer's axiom unless oeK is closed 
[-1; Thm..,II .. 7o'19]. Thus(*) does not imply St0rmer's axiom. We 
do not know if the opposite implication is true. 
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In this section A will be a JB-algebra with a unit 1 , 
and K its state space. 
We will consider the Jordan analogue of an irreducible repre-
sentation of a c*-algebra, namely a 9ense representation of the 
JB-algebra Ao By this we mean a Jordan homomorphism cp ~ A --> M 
where M is a type I JBW--factor and cp(A) is weak* -dense in I"L 
Two dense representations cpi ~ A -> Mi are called equivalent if 
there exists a Jordan homomorphism ~ of M1 onto M2 such 
that cp2 = §ocp1. 
For the basic properties of dense representations, the reader 
is referred to § 2 of [3]e Here we establish the notation and 
recall some facts. Any dense representation of A is equivalent 
to one constructed from a pure state in the following way: 
Let p E oeK"' Let c(p) be the central support of p, i .. e. the 
smallest central projection e 
Then cp p ~ A -> A fJ = c ( p ) o A* * 
. A** ln 
defined by 
such that (e,p) = 1~ 
cpp(a) = aoc(p) is a 
dense representation into the type I JEW-factor A o p 
The dual map maps the normal state space of A p bijec-
tively onto the smallest split face Fp of K containing p. 
In fact, Fp is the set of a EK such that (c(p),o) = 1o If 
p,a E oeK then cpp is Jordan equivalent to cpa iff F p = Fa or, 
equivalently 7 
By the .§Beet~ 'A of A we shall mean the set of equivalence 
"' classes of dense representationso Similarly, the spectrum K of 
K is the s13t of all F p, where p E o elL The correspondence 
is a bijection of A and " K. 
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For ~ ** * cp · A --> A be the weak -continuous p ' p 
extension of Then cpp(a) = aoc(p) for a EA**, and F p 
is the annihilator of ker cp ~ F = (ker cpp) .., From the proof of p p .L 
Theorem 2.4 we see that the weak*-closure F is the annihilator p 
of A n ker cp p , i . e .. , 
An ideal of A is Rrimitiv~ if it is the kernel of a dense 
representationo The set of all primitive ideals of A is denoted 
by Prim(A).. Than the correspondence J t-> J .!. is a bijection of 
Prim(A) and Prim(K). Thus we can transfer the topology of 
Prim(K) to Prim(A)e The resulting topology is the structure 
or Jacobson topology~ whose closed sets are of the form 
(J E Prim(K) ~ J ~ J 1 }, 
where J 1 is a closed Jordan ideal of A (cf .. Theorem 2o3)o 
Theorem 4 .. 1.. Let A be a JB-algebra with state §Dace K .. 
The mapping_ p 1""-> ker cpp is a continuous and o12en ma12 from aeK 
~~~h weak*-tqpoloEY qnto Prim~Al~ 
;?roof. \.Je have only to prove that P ~o-> F p is a continuous 
and open map from aeK onto Prim(K) .. Continuity is automatic, 
as remarked in § 3., We shall complete the proof by showing that 
K satisfies the requirements of Theorem 3o1o 
We start with St0rmer's axiom .. If Fa. is a closed split 
face of K, the Krein--Milman' theorem implies that F 
a. 
is the 
closed convex hull of the union of all 
we need only assrune given a subset C 
Fp, where p E a F .. Thus, 
e a. 
A 
of K and we shall prove 
that co(U {GIG E C}) is a split face of K .. 
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In [6; Core5o8] it is proved that the a-convex hull of oeK, 
defined as 
a- co(o K) 
e 
::c 
= [ ~ A. .p. 
j=1 J J 
A. . > 0, ~A. . = 1, p. E o K} J- J J e 
is a split face of K. We claim that a-co(o K) e is a direct 
" a-convex sum of the split faces G E K. By this we mean that any 
is uniquely representable in the .form 
(4.1) 
where A.F .::_ 0, ~A.F = 1, and pF E F.. More precisely, the coefficients 
A.F are unique, and so are the pF for which A.F J 0. 
A 
FEK 
' 
For the proof of this fact, note first that each 
being isomorphic to the normal state space of a type I JBW-factor, 
is the a-convex hull of its extreme points. Thus, if p is 
defined by ( 4. 1 ) then p E cr - co ( o eK) o On the other hand, if 
I p = L:A. .p., where p. Eo K, we can group together equivalent pJ. s J J J e 
to get the expression (4.1).. The uniqueness part is proved by 
... 
noting that when FE K its complement F 1 , being a split face, 
is norm closedo Therefore, if A.F ~ 1 then 
Now use the definiticn of a split face to show the uniqueness 
of /cF and PF" 
Returning to our subset C of K, we find at once from the 
decomposition ( 4,. 1) that a- co (U [F : FE C}) is a split face, of 
a- co(oeK), and hence of K.. By Theorem 2 .. 4, its closure 
co(U[F: FE C}) is also a split face, so the validity of St0rmer' s 
axiom is proved. 
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Next, if p E oeK then F = cr - co ( o F ) , and so P e p 
By Milman's theorem, o F is dense in o F p"' However; if cr € o6 F e p e . p 
then Fcr = FP' so 
'j';i' 
_r:l 
cr = F o p From this the condition (*) of Theorem 
3.'1 follows, and the proof is complete. 0 
If A is a JB--al.gebra then Prim(A) is a 
Baire space in the Jacobson topologz. 
* o K is a Baire space in the weak -
e 
topology. The Corollary now follows from Theorem 4.'1o [] 
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